Abstract. A simplicial complex is said to satisfy complementarity if exactly one of each complementary pair of nonempty vertex-sets constitutes a face of the complex.
I. Introduction
Recall that a simplicial complex K is a collection of nonempty sets (sets of vertices) such that all nonempty subsets of a member of the collection are again members. A member of K with i + 1 vertices is called an i-face ( It is classically known that there exists a unique (up to simplicial isomorphism) 6-vertex triangulation (denoted by RP 2) of the real projective plane RP 2. It is also known (see [2] , ['6] and [7] ) that there exists a unique (up to simplicial isomorphism) 9-vertex triangulation (denoted by CP~) of the complex projective plane CP 2.
Implicit in ['3] is the result that CP~ satisfies complementarity. This result was made explicit by Arnoux and Matin ['1] in 1991. More generally, they proved that any manifold as in (BK2) satisfies complementarity. In this article we prove the converse: 
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Then from (1) and (2) by using (4) we get (see [9] )
where we set f_ 1 = 1. For k ~< p < n -1 (equating the coefficients ofx t from both sides of(1 + x) -c~-k+ 1) (1 + xy'=(1 +x) "+k-p-l) we get 
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The Dehn-Sommerville equations, which hold for any triangulation of the sphere S ~-1 are equivalent to the statement (see [9] ):
h~=hp-t O<~i<~p. ( 
7)

Proof of the theorem
Throughout, M is an n-vertex combinatorial d-manifold satisfying bomplementarity. It is trivial from the definition that, for d --0 M consists of three points, and since clearly there is no l-manifold satisfies complementarity, we may take d >i 2.
We shall repeatedly use the following obvious consequences of complementarity. _ t,-c-1 ~ Which If d = 2c then by (7) for n > 3c + 3, we get ("~_~] 3) = hc -1 = he+ 1 -9 ~+ 1 ," gives n = 2c + 2, contrary to our assumption in this case. lfd = 2c -1 then for n t> 3c + 3, we get (,~_~2) = h,_l = h~ = ("-~-~c ). Which gives n = 2c + 1, a contradiction.
Thus, n ~< 3c + 3 if d is even and n < 3c + 3 if d is odd. Therefore, by (BK1) and (BK2) M is either a sphere or a "manifold like a projective plane". But as Euler characteristic of M is odd, M cannot be a sphere. This completes the proof.
